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We apply the idea of spiral inflation to Coleman-Weinberg potential, and show that inflation 
matching well observations is allowed for a symmetry-breaking scale ranging from an intermediate 
scale to GUT scale even if the quartic coupling A is of 0(0.1). The tensor-to-scalar ratio can be of 
0(0.01) in case of GUT scale symmetry-breaking. 


INTRODUCTION 


In modern cosmology, the concept of inflation [1] is 
essential to understand the very early history of the uni¬ 
verse. Inflation solves various problems of the old Big- 
Bang cosmology, for example, the horizon-, flatness-, and 
unwanted relic-problems [1, 2]. It also provides a very 
compelling seed of density perturbations in the present 
universe via the classicalized quantum fluctuations of the 
inflaton which is typically a scalar field [3, 4]. 

In order to realize a sufficiently prolongued inflation¬ 
ary period giving a quasi scale invariant (but slightly red- 
tilted) power spectrum so as to match the recent preci¬ 
sion observations [5], the inflaton-potential should be flat 
enough. Coleman-Weinberg (CW) potential [6] is a good 
candidate for this purpose and has been considered at 
the early stage of inflation cosmology [7]. The benefit of 
the CW potential as the inflaton-potential is that it can 
be directly connected to GUT scale or a low-energy sym¬ 
metry breaking. However, as recently studied in Ref. [8], 
it does not match well with the recent CMB observa¬ 
tions by Planck satellite [5], and requires an extremely 
small quartic coupling of 0( 10 -14 ) even for a Planckian 
symmetry breaking scale. 

Generically, when considered in one dimensional field 
space, the requirement of a flat enough inflaton-potential 
faces severe theoretical difficulties. Notorious examples 
are the 77-problem and the validity of effective field theory 
in regards of a trans-Planckian excursion. In the last sev¬ 
eral years, interesting ideas have been developed to over¬ 
come such theoretical difficulties by extending the infla¬ 
ton trajectory into at least two-dimensional field space so 
as to compactify the long trajectory into a sub-Planckian 
field space (see for example, [9-15]). Also, in a simi¬ 
lar line, very recently, we have proposed a simple and 
novel scenario of spiral inflation realized in a symmetry¬ 
breaking potential [16]. The idea of spiral inflation can 
drastically change the conventional approach to inflation 
with CW potentials although its full UV realization is a 
non-trivial task. 

In this paper, we apply the idea behind spiral inflation 
to the CW potential and show that inflation matching 
perfectly the Planck satellite observations can be realized 
even if the quartic coupling is of 0(0.1) for a symme¬ 
try breaking scale ranging from an intermediate to GUT 


scales. We also show that the tensor-to-scalar ratio can 
be of 0(0.01) for GUT scale symmetry-breaking. 


THE MODEL 

Following our recent work [16], we consider a complex 
field $ = having a potential [17]: 

V = V 4> + V M (1) 

with 

V* = A</> 4 [In ((f>/<j)o) — 1/4] + A^q/4 (2) 

U M = A 4 [l-sin (0/M + 0)] (3) 

where A is a dimensionless coupling, cf> 0 is the vacuum 
expectation value of <fi , A and M are mass scales that 
will be constrained by inflationary phenomenology, and 
6 = Arg($). We assume Vq = A^q/4 A 4 . 

The potential in Eq. (3) may have a nonpertubative 
origin, as discussed in Refs. [9-11, 13], and gives a mod¬ 
ulation to the simple CW potential in Eq. (2), resulting 
in a spiraling-out valley in the potential. Depending on 
the specific values of A and M , there is a possibility to 
achieve spiral inflation. In such a case, when <p 0 is close 
to Planck scale, we expect inflationary observables sim¬ 
ilar to Ref. [16]. So, here we consider the possibility of 
spiral inflation with similar to or well below the GUT 
scale. 


INFLATION 


In the field basis, the equations of motions are given 


by 


0 = (j) + 3H(j) + 
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Starting from around the top of the potential, inflaton 
is expected to trace closely the minimum of the valley 
where dV/dcj) = 0 gives 
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with 00 = 0/M + 0. Note that during inflation, for the 
cosmologically relevant scales, we expect 0 -C 0 o and 
sin 00 « 1 at the minimum of the valley. Hence, Eq. (7) 
can be approximated as 


d(j) ~ —Mdd 


( 8 ) 


In the flat field space, the infinitisimal displacement of 
inflaton is related to the ones of 0 and 0 as 

dl 2 = (d0 ) 2 + (0d0 ) 2 (9) 


and one finds 


in terms of slow-roll parameters, the inflationary observ¬ 
ables are simply given by 
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where the slow-roll parameters are calculated as 
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with 60 and rfd, defined as 


00 


£0- 2 


Mpc% 


V 90 


_ M 2 d 2 V ( j > 
r]4> ~ V 90 2 


( 21 ) 

( 22 ) 


(23) 


9/ 

90 

9/ 

90 




( 10 ) 

( 11 ) 


Note again that the slow-roll parameters are suppressed 
by (M/0 ) 2 relative to the case of original CW potential. 
The time derivatives of the slow-roll parameters are 



At the minimum, the elements of the mass matrix are 
given by 
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From Eq. ( 8 ) and the equation of motion of 0, one also 
finds 




HMMp 
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Hence, the running of the spectral index, a = 
dn s /d\nk = n s j [H (1 — e)], is obtained as 


Defining 
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one finds that, for the cosmologically relevant scales with 
a > i ~ 9(1) that will be justified in subsequent argu¬ 
ments, the mass eigenvalues of the two orthogonal direc¬ 
tions can be approximated as 
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Note that, when 0 is not very close to 0 0 , a negative 
a as preferred by Planck data can be otained only if 
e > 0 ( 1 O" 3 ) which gives r > 0 ( 1 O" 2 ) . 

Since inflation ends when the CW-potential becomes 
too steep to hold inflaton by the modulating potential, 
from Eq. ( 6 ), we expect the end of inflation at 
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The inflaton is expected to follow the tachyonic direction. 
Note that m\\ is suppressed relative to the case of pure 
CW potential by the factor of (M/0) 2 . 

Even though inflation takes place in a 2-dimensional 
field space, it behaves as in the single field case. Hence, 
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which means that, for a given M/0o, 0 e /0o is controlled 
by A 4 /Vo- If 0 •C 0 o during inflation, the number of 
e-foldings can be approximated as 
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FIG. 1: Parameter space of inflation for A = 0.25 with <f >o = Mgot (left) and 4>q = 10 12 GeV (right). Red: n a = 0.9603 ± 0.007. 
Blue: Pr = 2.196 x 10 -9 with e ~ 6 x 10~ 4 (or r ~ 0.009) (left) and e ~ 3.6 x 10 -21 (right). Green: Shade - n' a > 10 -3 , Line - 
n' a = 10 -4 . Cyan: N e = 50, 60 for dashed and solid lines, respectively. Black: (j> e /(j >o as a function of M/(j> o, and the x-axis is 
regarded as \og{(j) e /(j>o) for this line. 


It turns out that, as shown in the left panel of Fig. 1, a 
CW potential with A = 0(0.1) and 0o = Mqut can give 
inflationary observables perfectly matching the Planck 
data, implying that the Higgs field breaking GUT sym¬ 
metry might be responsible for the primordial inflation. 
For the choice of parameters in the figure, the tensor-to- 
scalar ratio is r = 0 ( 0 . 01 ), but it can be increased if the 
(j> relevant for the cosmological scale of interest is pushed 
toward (j> o (for example by taking a higher power depen¬ 
dence of (f> in the modulating potential of Eq. (3)) with A 
increased. However, in the case of a large A, the validity 
of perturbativity may be at risk, although the spectral 
running might not represent a problem. So, we do not 
consider this direction any further. 

It is also interesting to note that a (f>o smaller than the 
GUT scale by several orders of magnitude can work per¬ 
fectly too, although then the tensor-to-scalar ratio turns 
out to be negligible. It is easy to understand why. When 
(f>o <?SC Mgut, the observed scalar density power spec¬ 
trum requires e <gC 0(1O“ 2 ). Hence, the spectral in¬ 
dex is determined mostly by rj. Since, as can be seen 
from Eq. (22), 77 depends mainly on M/cj) 0 , it is neces¬ 
sary to have M/cj> 0 ~ 0(1O -2 ) x 4> 0 /M F . In such a case, 
M > Hj/(2tt) for A < 0(0.1). The value of e is fixed 
once A is fixed for a given <j) 0 . The duration of inflation or 
the number of e-foldings can be adjusted by A 4 /Vo- The 
spectral running is typically negligible since it is now of 
0(0.1) x rj 2 . Therefore, spiral inflation on a CW potential 
having <f>o of around intermediate scale can work well, as 
shown in the right panel of Fig. 1 where (f >0 = 10 12 GeV 
was used. Note that in the figure A is still of 0(0.1), 
but A/</>o — 10 -4 ’ 5 and M/<f>o ~ 10~ 8 ' 6 . This hierarchy 
among dimensionful parameters may need a specific form 
of UV realization, which is out of the scope of this work. 
Also, although </> e <<gC <fio for an intermediate scale <po, 
there is no sizable period of fast-roll inflation after spiral 
inflation, since the (tachyonic) mass scale is larger than 


the expansion rate by more than an order of magnitude. 

A remark is in order here. In reality, there could 
be oscillations along ^-direction, caused by the dynam¬ 
ics, misalignment of the initial condition, or the Hubble 
fluctuation, and the trajectory of the inflaton would be 
slightly shifted outwards. However, such oscillations are 
expected to be damped out by the Hubble expansion. 
The effect of such a deviation on slow-roll parameters, 
for example e, can be estimated as follows. For a small 
enough time interval, the motion of the inflaton can be 
approximated roughly to an angular motion. The asso¬ 
ciated centrifugal force should be balanced by the po¬ 
tential along cj) direction, that is, dV/d(j> ~ <f>9 2 . From 
Eq. (26), we see that the deviation of the inflaton trajec¬ 
tory from the minimum of the valley gives a contribution 
of 0(1) x eMMp/cj) 2 in the estimation of y/2e in Eq. (21). 
It can be ignored, as can be seen from the parameter 
space shown in Fig. 1. 


NUMERICAL REALIZATION 


In this section, we demonstrate numerically the argu¬ 
ments discussed in the previous section. As the test¬ 
ing examples of our scenario, we present two different 
cases with the following sets of the model parameters for 
A = 0.25: 


I : 


(b 0 A 4 _c - M o 

Mot =1 ’| = L01X1 ° ’^ = 1 ° 


(30) 


00 A 4 00 Ad O a, 

II : ,, =1,-J = 5.57 x 10" 23 , — = 10~ 8 ' 6 (31) 


10 12 GeV 


Integrating out the equations of motions of Eqs. (4) 
and (5), we obtained the trajectory of inflaton in each 
case, as shown in the left panels of Fig. 2 and 3 where 
power spectra and spectral indices are also depicted. The 
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FIG. 2: Inflaton trajectory around the end of inflation and inflationary observables for <j >o = Mgut. m was set to be 
Vq^ 2 /(y/3Mpm) ~ 6 x 10 -2 . The horizontal color band is the range allowed by Planck data at 68 % CL, and the vertical 
dotted line corresponds to N e = 50, 60 from right to left. 





FIG. 3: Inflaton trajectory around the end of inflation and inflationary observables for <j >o = 10 12 GeV. m was set to be 
Vq /('J?jMpm) ~ 2 x 1CT 3 . The scheme of horizontal color band and vertical dotted lines are same as Fig. 2. 



FIG. 4: The tensor-to-scalar ratio for <j >o = Mgut with other 
parameters same as Fig. 2. 


tensor-to-scalar ratio for f o = Mgut is shown in Fig. 4. 
It is then clear that spiral inflation with a CW-potential 
can perfectly agree with Planck data even if A = 0(0.1) 
with <j> o ranging from an intermediate to GUT scale. We 
also found that the running of the spectral index is of 
0 (1O~ 4 ) even for <j >o = Mgut which however presents a 
sizable tensor-to-scalar ratio. It is experimentally indis¬ 
tinguishable from zero running. 


CONCLUSIONS 

In this paper, we showed that, when applied to a 
Coleman-Weinberg potential, the spiral inflation idea al¬ 
lows a perfect matching to Planck data even for A = 
0 (0.1) and a symmetry breaking scale ranging at least 
from an intermediate scale to a GUT one. For a GUT 
scale symmetry-breaking, the tensor-to-scalar ratio can 
be of 0(1O” 2 ) which may be detectable in the near fu¬ 
ture. Even if Coleman-Weinberg potential was used here, 
it is easy to notice that a variety of symmetry-breaking 
fields appearing in low energy theories can now be used as 
would-be-inflaton-fields. For a symmetry breaking scale 
(f >o well below Planck scale, generically we need a mass 
scale of modulation (M) smaller than 4>q by several orders 
of magnitude. Such a hierarchy can be ameliorated if we 
use a higher power dependence on the symmetry break¬ 
ing field in the sinusoidal modulating potential. However, 
it is not clear yet how such a possibility can be realized 
in a UV complete theory. 
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